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On a Problem of Nonlinear Mechanics 
DEMETRIOS G. ~V[AGIROS 
Republic Aviation Corporation, Farmingdale, New York 
The behavior of a forced oscillatory system which is linearly 
damped but nonlinear in the restoring force is investigated accord- 
ing to the author's previous papers (Magiros, 1957, 1958). It is shown 
under which conditions the system may contain subharmonics of 
order ½. The amplitudes of the subharmonics and their components, 
and the bounds for the amplitude of the external force, are given 
in terms of the coefficients of the differential equation of the system, 
which are not necessarily very small, as well as the regions in the 
(cl/c3,/)-plane, where we have subharmonics with two, one, or 
neither amplitudes. Also discussed are the stability of the subhar- 
monics, the free vibrations of the system, and the case when one of 
the coefficients of the nonlinear terms is zero. 
INTRODUCTION 
The investigation of the oscillations of a nonlinear system with fre- 
quency half of that of the external foree--subharmonics of order ½--is 
of current interest (Mandelstam, 1935; Melik]an, 1935; Reuter, 1949). 
A physical example, to mention lust one, is the loudspeaker. A sinusoidal 
current in the coil causes the loudspeaker diaphragm to vibrate axially 
about a central position. These vibrations may, under certain circum- 
stances, be with frequency half of that of the driving current. 
In this paper we study the subharmonics of order ½ when the system 
is linearly damped and the nonlinear estoring force of cubic type, that 
is when the system is governed by a differential equation of the form (1), 
where the coefficients are not necessarily very small. The amplitudes of 
the subharmonics and their components are found in terms of the co- 
efficients of the differential equation. The regions in the (c~/c3,/)-plane, 
where we have subharmonics with two, one, or neither amplitudes, are 
also discussed. I is a polynomial in the coefficients of the differential 
equation. Bounds for the amplitude of the external force are given. The 
stability of the subharmonics, the free vibrations of the system, and the 
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case where one of the coefficients of the nonlinear terms is zero are also 
treated. 
I. THE AMPLITUDE OF THE SUBHARMONICS 
We ask for oscillations with frequency half of that  of the excitation 
of the differential equation 
+ fcQ. + 610 + 62Q 2 + ~3Q 3 = B sin 2t. (1) 
By  using 
/~ = &, 1 - -~ ,  = ~ci, ~ = ~c2, ~3 = Ec~, ~ > 0, (2) 
Eq. (1) can be written as 
(~ + Q = ef(Q,C2) + B sin 2t, (3) 
the solution of which, in case e = 0, is given by 
Q = xs in t -ycost  B -- ~- sin 2t, (4) 
where x and y are arbitrary constants which depend on the initial con- 
ditions of the differential equation, x and y are the components of the 
amplitude r of the subharmonics. I f e # 0, (4) also can give the solu- 
tion of (3) or (1), but x and y are appropriate functions of t, say ul ( t )  
and u2(t) respectively, which, as e --~ 0, must have as limits x and y. 
By applying Eqs. (38a) and (38b) of Magiros (1958), we can find 
that  x and y satisfy the equations 
Ao(x ,y )  =-- l r l .  B k]x + 1H~ ~2 a 2 y[Xv2 - -  yi_~t~aL" - -  C l ]y  -'I-- ~c3y(x + y2) = O, 
(5) 
1 2 - -  3 2 Co(x,y) = ½[0 - ¢c3B ]x - {[k + ½c2B]y ~cax(x + y2) = O. 
For ca # 0, Eqs. (5) can be written as 
(it -- ½vB)x + (h -- A)y  = 0, (k -- A)x  - (t~ + ½vB)y = 0 (6) 
with 
4c~ 41  -- ~ 4 k 4/~ 
k 3c3 3 ~ ' tt 3c3 3c~ (6a) 
2 2 ~ y2 4c2_  4 ~2 /l = r 2 + ~ B 2, r = x + . 
v - 3 c3 3 ~3' 
The condition for nonzero amplitude r of the subharmonics, that  is for 
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nonzero roots x and y of the system (6), is the vanishing of the determi- 
nant of the coefficients of the system (6), which gives 
~/ I  2•2 _ #2. rl,2 = X - ~B 2 T v ~ -  (7 )  
II. THE REALITY OF THE AMPLITUDE r 
The reality of r, as given by (7), implies the following conditions to be 
satisfied: (a) the expression under the radical must be nonnegative and, 
(b) the right-hand side of (7) must be positive. 
The condition (a) gives the restrictions 
1B I > 3 I~/~' I = 31 ]c/m I, (Sa) 
(B - 3k/m)(B + 3k/m) > O. (8b)  
The restriction (8a) gives bounds for B, ~nd the shaded regions in Fig. 1 
are the permissible ones, according to (Sb). 
The condition (b) gives the following restrictions: 
(A) The existence of nonzero r~ implies that 
- -  2 2 V'~v2B2 p.2 < X -- ~B, (9) 
B 
B:-3 c~ 
~ C2 
BZ--6~ 
(b) 
/////I >.0//'//~. 
m 
(o) 
FIG. 1. FIG. 2. 
FIG. 1. The shaded regions in the (k/c2 , B)-plane are the appropriate ones for 
the reality of the amplitude r of the subharmonics. 
FIG. 2. The shaded region (a) in the (c1/c3 , B) -p lane,  for I > 0, corresponds to
the existence of the amplitude rl of the subharmonics; the shaded regions (b), 
for I < 0, to the existence of the amplitude r~ . 
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then 
or  
X-  }B 2 > 0 and X > 0, 
B2 < 6c~, cA > 0 (10) 
C3 C3 
Squaring (9) we can get I > 0 if 
_ 1 2 X2 (11)  I = ~TB 4 -q(v + 4X)B 2 + + 2, 
and rl exists only for points of the shaded region Fig. 2(a) with I > 0. 
(B) The existence of nonzero r= implies that 
v /~2B 2 - .2 > ~B ~ - X (12)  
and we have three cases for the existence of r2 : 
(i) For X < 0, we have §B = - X: > 0, and squaring (12) we get 
I < 0. Then r2 always exists for points of the shaded region in Fig. 2(b) 
with I < 0. 
t 2~2 (ii) ForX>0,  i f [ §  B2-x l2<~vD -u  2,wehaVeI <0.  
1 2 2 (iii) ForX > 0, if I§ B2-  X12> ~vB -- ~2, wehave I  > 0. 
The above results can be summarized in Fig. 3. 
NO SUB-  
HARMONICS 
FIG. 3. Only points of the first quadrant  of the (cl/c~ , I ) -p lane can give sub- 
harmonies with two different nonzero ampl itudes rl , r2 . Points of the third and 
fourth quadrant  give subharmonies with one ampl i tude r2 , and points of the 
second quadrant  correspond to no subharmonies.  
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I I I .  THE COMPONENTS OF THE AMPL ITUDES r 
The system (6) gives 
y_  ~ --½~B _ X-- A _ 0 (13) 
x A - ~ ~ ÷ ½~B 
when the components x and y are given as solutions of the system 
y = Ox, x ~ ÷ y~ = r '  (14) 
Then 
r rO 
x l  - %/i ÷ 02, y l  - %/1  ÷ 02' 
(15) 
r r0 
x, = --%/1 ÷ 02' y2 = --%/1 ÷ 02. 
These solutions correspond to two symmetric points with respect to the 
origin in the x ,y -p lane .  Since we have two, in general, values of r, and 0 
depends on r, (15) give four points, then the singularities of Eq. (1) are, 
in general, five, the origin included. 
IV. THE STABILITY OF THE SUBHARMONICS 
The coordinates (x ,y )  of  the five singular points of Eq. (1) are given 
by the solutions of the system: Ao(x ,y )  = O, Co(x ,y )  = 0; then the origin 
and the points (15) are the singular points. Their kind depends on the 
numbers 
m.2 ~{a~ ÷ b, =[= %/(al b, ) '  ÷ 4a ,bd ,  (16) 
where 
OAo OAo OCo OCo 
a~ - a, - bl - b, - 
Ox ' Oy ' Ox ' Oy 
For c3 ~ 0, the a~, a,, bl, b, are given by 
~[ Z + 3 B_~ 7 
al = ~ ~ -el ~ xY + 3 ~j ,  
1~3 I 1 - -&÷9y2 3x2 f ]  
l c3[1--(~I 9 x, 3 ,  B' 1 
bl = ~ ~ ~3 4 6 -  - - -~y  - -  , 
b, = ~ T ~ 2 - 3 -  " 
(~7) 
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The tangential direction of the integral curves at the neighborhood of a 
nodal or a saddle singular point is characterized by the numbers 
1 [52 - al ~ %/(al - b2) 2 d- 4a~bl] (18) ~1,2 - 2a---2 
For a "stable singular point," a point on the integral curve near the 
singular point, tends, with the increase of time, to that  singular point; 
otherwise the singular point is "unstable." For a "stable nodal point," 
the values of ~1, ~2 must be real and of different signs. For a "spiral 
point," when pj,~, ~1,2 are complex numbers, the negative real part  of p 
gives information about its "stabi l i ty." The integral curves around a 
"stable spiral point" are of the "clockwise direction," if as > 0 (Hayashi,  
1953). Let us illustrate the above by the following example. 
V. NUMERICAL EXAMPLE 
Take B = 1, k = 0.1, 51 = 1~, ~2 -- {, ~3 = -½. Notice f i r s t thatc l /c3  = 
(1 - ~1)/~3 = ~, I -- 3.1205. Then, according to Fig. 3, we expect two 
subharmonics with different amplitudes. The result of the computa- 
tion is shown in Table I I  below. 
VI. FREE NONLINEAR VIBRATIONS 
The previous forced vibrations are dependent on, or governed by, the 
characteristics of the system and the external force. For the free non- 
linear vibrations we must put in (1) B = 0. In  this case the amplitude 
of the free vibrations of the system is given by:  
2 rl,2 -- k ~ ~v/~-/~ 2 (19) 
The reality of r implies ~ = 0, k > 0, that  is fc = O, cl/c3 = 1 - ~1/~3 > 0; 
then the free vibrations of (1) occur in the system when we have either 
(i) 1¢ = 0, cl > 0, c3 > 0, or 
(20) 
(ii) k = 0, c~ < 0, c3 < 0. 
TABLE I 
4 ) ,=2 ~= - -~ p= --1 
rl 2 = 1.57778 r~ 2 = 1.97778 rl = 1.25610 
01 = 0.3333 012 = 0.1111 %/1 ~ 012 = 1.05409 
02 = 0.3333 022 = 0.1111 %/1 d- 0P = 1.05409 
r2 = 1.40634 
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TABLE I I  
THE SINGULAR POINTS AND THEIR CLASSES FOR THE 
EXAMPLE IN SECTION V 
Point 
0* x0 = 0 yo = 0 
It xl = 1.19164 yl = -- 0.39721 
/ / t  x2 = -- 1.19164 y2 = 0.39721 
I I I t  Xa = 1.33417 ya = 0.44471 
IV  t x4 = -- 1.33417 y4 = - 0.44472 
1 
5(0.1 + i O. 65484) Pl,2 
1(_  0.1 + i 1.82791) PI,2 = 4e 
1(_  0.1 q- i 1.82791) Pl,2 = 4e 
1-(- o. 1 + i 2.40058) 
PI,2 = 4e 
_1 ( _  o. 1 - i 2.40058) 
pl,~ = 4e  
* Unstable spiral with clockwise direction. 
Stable spiral with counterclockwise direction. 
or, in te rms  of the  coeff icients of (1) ,  
( i) /7 = 0, 1 >~1,  ea > 0. 
(21) 
(ii) /~ = o, 1 < gi, ga < o. 
I n  Fig. 4 we have  the  inequal i t ies  (21) graphica l ly .  The  ampl i tude  r of 
the  free v ib ra t ions  becomes 
r = 2%/ (1  - e l ) /3ea .  (22) 
F rom (15) we see that  0 is of undetermined  form;  then  the  components  
x and y of the  ampl i tude  r are also undetermined ,  but  such that  
x~+ y2_  41  - ei (23)  
3 ea 
FN 
0 C I" 
FIG. 4. The shaded regions in ~t , +2-plane correspond to free undamped non- 
l inear vibrations. 
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The solution (4) in this case is 
Q = xs in t -  ycost .  (24) 
If the initial conditions are, for t = 0, Q0 and Qo, then 
Q~ = -y ,  40 = x, (25) 
the solution becomes 
Q = Q0 sin t q- Q0 cos t, (26) 
the restriction of the initial conditions Q0, Q0 in the (Q0 ,Q0)-plane being 
of the cyclic type: 
Q02 -t- 402 = 4 ! - el (27) 
3 ~ 
The results from the above are the following: 
(a) the necessary condition for the existence of free oscillations is the 
system to be undamped, 1~ = 0. 
(b) the free oscillations do not depend on the coefficient 52 ; 
(c) the amplitude r of the free vibrations is given by (22), where the 
coefficients 51 and 53 must be such that r is positive, 
(d) the components x and y of the amplitude r may be arbitrary but 
they must obey the restriction (23). 
(e) the initial conditions Q, 40 must be of the cyclic restriction (27) ; 
then if one of them is prescribed the other must have a value given 
by (27). 
VII. DUFFING'S EQUATION 
In case 52 = 0, we have the Duffing's equation (Stoker, 1950). In this 
case the formula (7) gives 
2 2B (2s )  
r - 3 ~3 9 
For the existence of the subharmonics we must have 
]~ = 0,B 2 <61 -- ~ 
c3 
which, for positive values 
the shaded region of Fig. 
(29) 
of (i - -  #i)/#3, that is for values of 51,52 in 
4, gives bounds for B: 
IBI < (6 1 - ~1~ 1'2. (30) 
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The subharmonics have the single amplitude 
(~1- -  ~ 2 B~) ~/2 
r = (31) 
ca 9 " 
VIII. THE CASE 52 ~ 0 
For the nonlinearity of the system either one or both the coefficients 
~2 and g3 must be nonzero. In the foregoing we took ~3 ~ 0, when ~ 
might be negligible or zero. Let us consider now the case ~2 ~ 0 when 
~3 might be negligible or zero. 
If 
cl 1 - ~1 l, k /c c3 ~3 . . . .  m, - - n,  
C2 C2 C2 C2 C2 C2 
(32) 
2 2 r 2 x 2 2 A =r2+§B,  = -[-y 
the system (5) can be written as: 
(½B - m)x + ( -1  -b ~nA)y = O, 
(33) 
(l - ~nA)x - (½B + m)y  = O. 
The vanishing of the determinant of the coefficients of the system (33), 
which is the requirement for the existence of nonzero roots, gives 
A~ 81 16(  ~)  -- 3nA + ~ 12- m 2+ -- 0, (34) 
We can obtain from this, by solving for A, the amplitudes r of the sub- 
harmonics: 
2 B 2 4 
rl,~ = - § + 3n (1 ~ %/(B/3)  2 -- m2). (35) 
The requirement for the reality of r gives the same restriction as that 
established in Section 3. Here, instead of the expression (11) for I ,  we 
have 
The components of the amplitude r of (35) are given by (15), where 
the quantity 0, cMculated from (33), is the same as that given by (13). 
As a special case of the above let us treat the case when n -- ~3/~2 is
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negligible and especially when n -~ 0 either from positive or from nega- 
tive values. We write (35) in the form 
2 4/3[/ ~ ~/(B /3)  2 - m s] ~B  2n 
ri .2 = (37) 
n 
We have two cases: 
(A) If n goes to zero from positive values, the reality of r implies that 
1 and m vary in such a way that I1 ~ ~¢/ (B /3)  2 - m2], being positive and 
larger than B2n, goes to zero. 
or  
1 :V %/(B/3) s -- m 2 > 0, 
1 -- e_~ > 4- %/ (B /3)2  - (]~/Q)s; 
and 
(i) for (1 - 51)/Q _-> 0, that is, for1 = 5j and 52 < 0, or 1 _-< 5i and 
52 > 0, we get 
(1 - -~2+(~) :> (B)2;  (38a) 
Q / 
(ii) for (1 -- 51)/Q < O, that is, for 1 _-> 51 and Q < 0, or 1 =< 51 and 
52 > 0wehave  
(1_ 
Then as 53 --~ 0 from positive values, subharmonics may exist in the 
region (al), Fig. 5a, if 52 > 0, 1 => 51, or 52 < 0, 1 =< 51 ; as well as in 
the region(bl) i fQ>0,1  =< 51,orQ <0,1->_ 51. 
(B) If n goes to zero from negative values, the reality of r implies 
that 1 ~ ~/ - (B /3 )  2 -- m s < 0, then, in the same manner, we can find 
the region (as) and (b2) of Fig. 6a and Fig. 6b where we may have sub- 
harmonics. In the undamped case,/~ = 0, the subharmonics correspond 
to the appropriate segment of [(1 -- 51)/Ss]-axis in the shaded regions. 
In the case Q = 0, by combining appropriately the above figures, we 
have that subharmonics may exist outside the circle if (1 - 51)/52 > O, 
and inside if (1 - 51)/52 < 0, Fig. 7(a), 7(b). 
Let us c~ll "resonance" the situation where the amplitude r of the 
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t¢ l-~i 
FIG. 5~ FIG. 5b 
FIG. 5. The  shaded regions (m) and (b,) outs ide and inside the circle respec- 
t ively correspond to 83/~ > 0. For  the region (al) we have (1 - 8i)/~2 > 0, 
and for region (bi): (1 - ~1)/~2 < 0. 
, 
o o 
o I -~, 
Gz 
FIG. 6a FIG. 6b 
FIG. 6. The shaded regions (as) and (b2) outs ide and inside the circle respec- 
t ive ly  correspond to ~3/~2 < 0. For  the region (a2) we have (1 - 6,)/~2 > 0, 
and for the region (b~): (1 - ~1)/~2 < 0. 
subharmonics i not finite. The resonance here is character ized by  the 
rat io 
1 :h  %/ - (B /3 )  2 - m 2 
n 
This rat io is not  finite, then resonance appears,  if l # O, I m l  ~ B /3 ,  
n = 0; that  is, if, for 52 # 0, c1 ~ 1, I ]~/C2 1 ~ B/3 ,  5~ = 0. Also we have 
resonance i f / - ->  O, I m I --+ B /3 ,  n -~ 0 in such a way that  n goes to zero 
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R 
C2 
% 
I -¢, 
~z 
'Io 
~.) ~ L) , c, 
! 
(b) Y / / / /2  _ 
'- ° 
FIG. 7. The shaded region outside the circle, under the condition of the shaded 
region (a, i i),  and the shaded region inside the circle, under the condition of the 
shaded region (b, i i), correspond to subharmonics. 
faster than the expression l ± ~/ - (B /3 )  2 --  m 2 does. If the above ratio 
is finite and bigger than the number B2/6 ,  subharmonics exist. 
G. Reuter (19~9) studied the subharmonics of order ½ in a special 
case, the case when the damping coefficient/~ is small and positive, the 
nonlinear coefficient Q small, the linear coefficient ~1 near to 1, and the 
amplitude B of the external force not too large. His results about the 
the existence of the subharmonics in this special case agree with the 
above results, and this fact gives a direct verification and a natural check 
of the validity of the results given above in our generM case. 
RECEIVED: May, 1959. 
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